We theoretically investigate the optical absorption of a hybrid system consisting of an organic molecular film on top of a semiconductor substrate. The electronic states of the isolated spatially separated constituents couple due to the Coulomb interaction of the optically induced charge carriers across the film-substrate interface. Focussing on the coupling of optical active molecular transitions to semiconductor continuum states, we find that the non-radiative dipole-dipole energy transfer causes the formation of coupled excitations, effectively reducing the excitation energy of the optical resonance in the molecular film and inducing a broadening of the associated absorption peak. In the framework of the Heisenberg equation of motion technique we derive the Bloch equations for these hybrid systems. The input parameters for our model system of ladder-type quarterphenyl (L4P) molecules on the ZnO(1010) surface are taken from density functional theory calculations.
I. INTRODUCTION
Hybrid organic-inorganic systems have the potential to overcome the limitations of their individual components and to exhibit new functionality [1] [2] [3] . To improve the performance of opto-electronic devices, for example, the high charge-carrier mobility of inorganic semiconductors could be combined with suitably synthesized photoactive molecules 4 with wavelength-taylored light emission and absorption spectra. Moreover, pronounced nonlinear optical effects could emerge when Wannier excitons from the inorganic semiconductor side mix with the Frenkel excitons typically found in organic materials 5, 6 . Due to recent advances in fabrication techniques first experimental signatures of non-radiative energy transfer processes between ZnO and conjugated molecules have been observed 7, 8 . However, experimentally it is difficult to determine the precise excitation transfer mechanism, knowledge of which would open up pathways for optimizing the efficiency of future devices.
In this paper we focus on the theoretical analysis of energy transfer without electronic wavefunction overlap, i.e. Förster processes between the components of the hybrid. Here, two possible resonant energy transfer paths are possible: coupling of molecular excitations (i) to semiconductor excitons (bound electron-hole pairs) or (ii) to continuum states (unbound electron-hole pairs) of the semiconductor. The first pathway resembles a molecular Förster transfer, but requires a close energetic match of the transition energies. In contrast, the second pathway relaxes this matching restriction since the electron-hole continuum of the semiconductor offers a broad range of transition energies for energetic coupling. If the coupling mechanism is sufficiently strong, pathway two would provide an efficient channel for exciting the molecular layer through external electrical pumping of the semiconductor layer by well established methods.
Previous theoretical work focused on the excitation transfer between Frenkel excitons in the organic layer and Wannier excitons in the substrate quantum well 6 . New, joint exciton-molecular polariton states at the interface of both components are predicted to mediate the exciton-exciton interaction of the semiconductor and the molecular film. While it is conceivable that this mechanism provides a strong coupling, it is restricted by the exact tuning of the transition energies of both components of the hybrid system, which may be difficult to achieve in experiments.
In this work we investigate the coupling of molecular states to electronic continuum states that lie energetically above the semiconductor excitons (i.e. the aforementioned case ii). Such a coupling scheme describes the scenario of electrically pumping the semiconductor substrate. The free electron-hole gas that forms provides the energy for the optical emission of the molecular states. Likewise, in a photovoltaic application the organic film would capture the incident light, whose energy is then transferred into semiconductor continuum states across the interface. It has recently become possible to investigate excitation transfer from first principles [9] [10] [11] [12] [13] . These approaches are based on time-dependent densityfunctional theory and propagate the Kohn-Sham equations in real-time [9] [10] [11] [12] [13] . The motion of the nuclei is treated classically. To capture charge transfer excitations, which will be relevant for future work, range-separated exactexchange kernels are used. However, these kernels are computationally expensive and limit the approach in the tractable system size.
In this paper, we develop a microscopic model for the non-radiative Förster coupling 14 between an organic molecular layer on a well defined surface of a quasi twodimensional inorganic semiconductor. Our approach is based on a Heisenberg equation of motion technique 15, 16 to derive the optical many body Bloch equations of the hybrid system in the Hartree-Fock limit 17, 18 . This approach is computationally less expensive than the aforementioned fully time resolved first-principles calculations, but retains the microscopic description of the charge carrier dynamics, if parameterised with firstprinciples input. Although the present paper only addresses the effects of the Coulomb interaction in the limit of linear optics, our framework allows us to investigate more complex effects such as charge carrier relaxation and phonon-assisted charge transfer in future work.
Model Hamiltonian studies for Förster energy transfer are common for molecules, molecular aggregates and (functionalized) nanoclusters [19] [20] [21] [22] [23] [24] [25] [26] [27] . We here exploit the periodicity of both the inorganic substrate and the molecular layer to simplify the optical Bloch equations. We treat the organic layer by assuming a strictly lattice periodic arrangement of molecules with a periodicity different from the substrate lattice. This periodicity assumption allows us to treat the organic layer in a quasi-momentum representation similar to the substrate. When taking into account the Coulomb interaction across the hybrid interface, the different lattices lead to selection rules in the Hamilton operator. In this work we assume the organic layer to be weakly bonded to the inorganic substrate (i.e. no chemical bonds or hybridized states form at the interface). This allows us to clearly distinguish the contribution of the individual components in the optical spectrum. We parameterize our model with input from density-functional theory (DFT) calculations for laddertype quarterphenyl (L4P) molecules on the ZnO(1010) surface. By solving the equations of motion we calculate linear optical absorption spectra and examine the effect of the Coulomb interaction as a function of the system's geometry and transition dipole strength.
The article is structured as follows: First, we present the model system and develop a theoretical description, introducing the Hamilton operator. Then, we present numerical calculations based on input parameters obtained from DFT calculations for L4P molecules on the ZnO(1010) surface.
II. MODEL SYSTEM
Our structural model consists of an inorganic semiconducting substrate that is covered by a non-covalently attached single layer of organic molecules (cp. Fig. 1 ). The unit cell of the substrate is given by the surface structure. For simplicity we also assume the molecules to arrange in a periodic lattice with unit vectors parallel to the substrate surface cell. In reality, the organic film may be disordered or amorphous, which potentially weakens the coupling strength. The explicit inclusion of disorder effects will be the subject of future work. In this work we investigate how the Förster transfer mechanism between the semiconductor and the organic molecules is influenced by the geometry of the hybrid structure. The hybrid system is characterized by i) the binding distance ∆z between the molecular film and the substrate, ii) the orientation of the molecular lattice relative to the substrate lattice and iii) the molecular coverage Nm Nc (i.e. the number of molecules per surface unit cell, where N m and N c are the number of molecular and surface unit cells, respectively). By varying these parameters within reasonable ranges around the equilibrium parameters obtained from our DFT calculations, we will illustrate their influence on the Förster transfer mechanism and the optical absorption of the hybrid material.
III. OPTICAL SPECTRA
We obtain linear optical absorption spectra by calculating the frequency-dependent total absorption coefficient α tot (ω) = α m (ω) + α sc (ω). Here α m (ω) is the absorption coefficient of the molecular film in the presence of the semiconductor substrate and α sc (ω) that of the semiconductor in the presence of the molecular layer 28 . Both α m and α sc are proportional to their respective susceptibilities, which connect the incident field and the resulting macroscopic polarizationŝ
The total optical absorption coefficient α tot (ω) is proportional to the imaginary part of the total susceptibility which is obtained by normalizing the total macroscopic polarization to the incident electrical field
In this article the optical response of the semiconductor substrate P sc (t) and the molecular layer P m (t) are evaluated in the far field limit, which is obtained by averaging over the microscopic scale:
Here k and l denote the two-dimensional wave vectors parallel to the hybrid interface. The corresponding sums extent over the Brillouin zones associated to the lattice structure of the substrate and molecular adlayer. The volume of the entire system is given by V . The resulting expressions (3) and (4) link the macroscopic observables P sc/m to the microscopic expectation values of the electronic transition amplitudes σ kk vc (t) and σ ll HL (t). In the next section we will derive equations of motion for the time dependence of these operators and show how the dynamics is influenced by many-body interactions in the Förster transfer limit.
IV. THEORETICAL APPROACH
Our microscopic approach is based on a Heisenberg equation of motion technique 15, 16 . In the Heisenberg picture the equation of motion for an operator O is given by i
The annihilation (creation) operators a ( †) create electrons or holes in the semiconductor or the molecule. The indices A ν and B ν represent the quantum mechanical states of the ν-th molecule. These can be either the highest occupied molecular orbital (HOMO) abbreviated here by H or the lowest unoccupied molecular orbital (LUMO) abbreviated by L. The semiconductor states are characterized by a two-dimensional wave vector k and band index λ ∈ {v, c}, where the wave vectors k correspond to the in-plane direction (i.e. k = k ).
Hamilton operator
The Hamilton operator in our approach is defined as follows
H m and H sc are the Hamiltonians for an isolated molecule and the semiconductor, respectively. H e−l describes the interaction of the quantized charge carriers with an external classical light field (7) and H int the Coulomb interaction between the electrons in the substrate and the molecule.
E Aν and E k λ are the quasielectron and quasihole energies for the molecules and the semiconductor, respectively. These should in principle be computed in a quasiparticle formalism like the GW approach [29] [30] [31] . Here we approximate them with the DFT energies using a hybrid functional. The quasiparticle energies of the substrate are given by the band structure E k λ from which we include only one valence and one conduction band, which is sufficient for the resonant situation in ZnO considered here. We assume that the molecules are spatially well separated so that the interaction between them becomes negligible. The formation of molecular bands in more densely packed films will be considered in future work. Here we take E H and E L to be equal for all molecules and adjust their values to lie just above the band edges of the two band semiconductor substrate. This choice yields maximal Förster transfer since the transfer rate decays with the difference between the HOMO-LUMO gap and the band gap of the semiconductor. In reality, the inorganic substrate and the molecules in the organic film have to be chosen such that this condition is fulfilled as closely as possible to obtain maximal Förster transfer. Since the molecular states are chosen to be in resonance with continuum states we can neglect the formation of bound semiconductor excitons.
In Eq. (7) the light-matter interaction is treated using a semi-classical approach in the dipole approximation 28 for both components of the hybrid material. The interaction strength is governed by the transition dipole moments d HL and d vc for the molecules and the substrate, respectively. The incoming light is described by the classical electrical field E(t). The Coulomb interaction is treated microscopically and fully quantized so that we can explicitly include Förster transfer process by means of the corresponding matrix elements V kλ k λ Aν Bν , which are discussed and defined below. In principle within our approach, it is also possible to include the coupling to molecular and lattice vibrations.
Transformation to momentum representation
Up to this point we have treated the electrons of the semiconductor in a Bloch basis but used localized states for molecules. To obtain a consistent description we have to transform the molecular operators to a Bloch momentum representation 32 , too. In this work we assume a lattice periodic arrangement of molecules. This choice corresponds to the best coupling limit and facilitates the construction of a microscopic model for charge carrier dynamics in hybrid materials. The idealized model derived in this work may serve as a starting point for the description of more realistic scenarios, including e.g. disordered adlayers.
We assign each Bloch-based operator a two-dimensional wave vector l. The transformation pair
is then unambiguously defined, if the wave vector l is restricted to the first Brillouin zone of the molecular lattice.
To fulfill the periodic in-plane boundary conditions the ratio of the total number of molecules N m to the total number of unit cells N c in the sample must be exactly the unit cell volume V c divided by the molecular unit cell volume V m (i.e. N m /N c = V c /V m ). Assume that vectors a 1 andã 2 span the unit cell of the molecular layer. We can then find a reciprocal lattice spanned by the vectors b 1 andb 2 such thatã i ·b j = 2π δ i,j . For a periodical arrangement of molecules, each molecular position R ν is given by
where n ν 1 and n ν 2 are integers. For a sufficiently large sample (and therefore large N m ) we can approximate:
With equations (9) and (10) and a periodic arrangement of molecules the transformed Hamilton operator reads:
From now on we distinguish between wave vectors that reside in different Brillouin zones. Sums over k or k add up all wave vectors from the first Brillouin zone of the semiconductor substrate, whereas sums over l or l sum vectors from the first Brillouin zone of the molecular layer. The sum over G, stemming from eq. (12), runs over all possible linear combinations of the molecular reciprocal lattice vectors. The corresponding Kroneckerdelta yields a selection rule for the momentum transfer. As we will explain later, this selection rule depends on the geometry of the components and governs the effect of the Coulomb interaction. In Eq. (15) we also redefined the Coulomb matrix element by extracting an exponential term containing the molecular positions and the total sample size A = N c A c of the semiconductor substrate given by the number of unit cells N c and the unit cell area A c
Note that the new quantity V k λ k λ A B does no longer depend on the molecular positions R ν , reflecting the transformation of the molecular states to the Bloch basis representation. Section V and appendix A will provide further details on the derivation of the Coulomb matrix element.
Equations of motion
To calculate the absorption according to Eqs. (3) and (4)
Focusing on the linear optical properties, the hierarchy problem arising from the correlation expansion of the Coulomb interaction is truncated at Hartree-Fock level 15, 28, 33, 34 , which yields an exact description of optical excitations in the linear optics limit 35 . Note that the molecular layer induces a spatially inhomogeneous charge distribution and thus we have to explicitly take into account polarizations with non-equal wave vectors k = k . For the polarization of the semiconductor we obtain:
Similarly we derive an equation of motion for the molecular polarization
V. FÖRSTER TRANSFER MATRIX ELEMENTS
The non-radiative coupling of the substrate to the molecular layer, Eq. (17) and (18), is governed by the Coulomb matrix elements. In particular, the matrix elements V Lν Hν kv k c characterize the coherent coupling of the polarization of the ν-th molecule to the interband polarization of the semiconductor substrate. To calculate the linear absorption spectra in the limit of low molecular coverage no other matrix elements are needed. In the following we will approximate these Coulomb matrix elements by applying a point-dipole approximation resulting in a dipole-dipole interaction between the semiconductor and the molecules. We will then use input from DFT to evaluate the resulting expression.
Point-dipole approximation
Generally the Coulomb coupling matrix element is given by (19) with the Coulomb potential
Ψ Aν (r) are the wave functions of molecular orbital A ∈ {H, L} on the ν-th molecule and Ψ kλ (r) the wave functions of a semiconductor states with wave vector k and band index λ. Approximating the interaction potential by a Taylor series around the molecule positions R ν and semiconductor elementary cells R V allows us to break up the double integral over all space into two separate integrals over each component (the molecular layer and the substrate) 36 . For details see Appendix A. In the pointdipole approximation we then obtain a closed analytical form of the Förster transfer element
where d λλ kk are the transition dipoles from state λ at k to state λ at k . In this study, we will neglect the wave vector dependence of d λλ kk , which is a good approximation close to the band edges, and take the value at the Γ-point (i.e. d 
VI. LINEAR OPTICAL ABSORPTION SPECTRA A. Solution in frequency space
Equations (17) and (18) form a closed set of equations for the microscopic polarizations in the semiconductor substrate and the molecular layer. In the following we show how this system of equations can be solved in frequency space. First, we Fourier transform all quantities appearing in Eq. (17) and (18):f (ω) = f (t) e iωt dt. Since we are only interested in weak optical excitations, we can assume the occupation densities ρ (17) and (18) to be constant in time. We apply the Fourier transform to equations (17) and (18) and obtain:
as well aŝ
Here we introduce the phenomenological linewidths γ m and γ s for transitions in the molecular layer and the semiconductor, respectively. They account for incoherent dephasing processes which are beyond the scope of this work. As our model does not take into account any direct interaction between different molecules, all contributions to the polarization that arise from states located on different molecules vanish, i.e. a † H ν a L ν = δ ν,ν a † H ν a L ν . When we transform the molecular operators to the Bloch basis, we then find that the molecular polarization only depends on the difference and not the absolute values of the molecular wave vectors
The computational effort is reduced, because only molecular polarizations with equal wave vectors (σ l,l HL (ω)) are required for the calculation of the optical response in Eq. (4) (σ l,l HL (ω) ≡σ l HL (ω)). Although substrate polarizations with unequal wave vectors k = k do not contribute to the optical far field response, as will be explained below, they are coupled to the molecular polarizations and thus need to be taken into account. To obtain a closed solution for the polarizations in frequency space, we combine Eqs. (22) and (23). To simplify the presentation, we first abbreviate the single-particle energy poles by: (25) and
The closed solution for the molecular polarization is given by:σ
. (27) Note that in the above equation we have evaluated the Kronecker-deltas appearing in H int . To facilitate a cleaner notation, we have implicitly assumed that wave vectors k 1 and G + k 1 are always from the first Brillouin zone of the semiconductor substrate. Accordingly, the corresponding sums have to be restricted in an appropriate manner.
B. Special case: matching lattices
To illustrate how the molecular coverage influences the optical properties of the hybrid we take a look at the distribution of molecular reciprocal lattice vectors G in reciprocal-space. The discussion is simplified by assuming the molecular lattice to match the surface lattice of the substrate. This implies that the molecular lattice vectorsã 1 andã 2 become integer multiples of the substrate lattice vectors a 1 and a 2 which characterize the substrate surface, i.e.ã i = n i a i with n i ∈ N. This reflects the fact that in practice the organic molecule is of greater spatial extent than the surface unit cell of the substrate and therefore one molecule covers many surface unit cells of the substrate. In the following we will illustrate how the molecular arrangement affects the coupling strength by the example of a real world hybrid system, consisting of a ZnO(1010) surface covered by a layer of ladder-type quarterphenyl (L4P) molecules 4, 37 . The L4P molecule is an even-numbered ladder-type oligo(p-phenylene) (LOPP) providing favorable opto-electronic properties such as narrow absorption and luminescence bands as well as high absorption and luminescence coefficients 4 . Figure 3 demonstrates how one L4P molecule can be placed on a ZnO(1010) surface covering 12 surface unit cells. The resulting molecular unit cell is then given by 2x6 cells of the substrate. While the molecular unit cell increases in real space with decreasing molecular coverage, the opposite is true in reciprocal space. Now the first Brillouin zone of the molecular layer is smaller than that of the substrate as we can verify by calculating the reciprocal lattice vectors b i and b i . Using their definition we find thatb i = 1 ni b i , i.e. the size of the first Brillouin zone shrinks as the real space cell grows (cp. Figure 4) . We can now asses the effect of the coverage and the molecular orientation on the Coulomb coupling strength. Equation (27) for the transfer matrix element tells us that q has to equal a reciprocal lattice vector G, which is given as integer linear combination of theb i . Therefore the size of theb i governs which points in reciprocal space contribute to the equation of motion (27) . Figure 5 illustrates how different grids of reciprocal molecular lattice vectors G resulting from different molecular coverages can have a significant effect on the coupling strength. The left panel corresponds to coverage of one molecule per 2x4 substrate unit cells. The G vectors clearly miss the maxima of the Coulomb matrix element shown by the contour plot. However, with decreasing molecular coverage, the density of the points reached by the G vectors increases and therefore the maxima of the coupling element are taken into account, leading to a stronger interaction. This reflects the fact that for larger coverages the oscillator strength of the semiconductor substrate is distributed among many molecules. The lower plot in Figure 5 illustrates the position of the allowed momentum transfers q = G for the situation where one molecule spans 10x16 surface unit cells of the substrate. Although our model does not include direct interactions between orbitals located on different molecules, the coupling to the substrate has a similar effect for finite distances between the molecules. 
VII. NUMERICAL INVESTIGATION
We now investigate the influence of the Förster coupling on the optical response of the hybrid layer. From Eq. (3) we see that the far field response does not take into account polarizations with different wave vectors k = k , which describe coherences on the microscopic spatial scale. On the other hand, Eq. (23) illustrates that the Förster interaction affects polarizationsσ k,k vc (ω) with equal wave vectors k = k only if the matrix element for zero momentum transfer (q = 0) is non-vanishing. However, in the point-dipole approximation the q = 0 element does vanish. As a result the optical far field response of the substrate is not influenced by the molecular adlayer.
We will therefore not consider the optical spectrum of the semiconductor substrate and focus instead on the spectrum of the molecular film. To simplify our numerical investigation we adopt the effective-mass approximation for the valence and conduction bands of ZnO. Fig. 2 ) The left figure clearly shows how the extrema of the Coulomb matrix element are missed for a 2x4 coverage. The right plot shows how the density of allowed momentum transfer vectors (i.e. G-vectors in Eq. 27) increases when the coverage is reduced to one molecule on 10x16 surface cells the Fritz-Haber-Institut ab initio molecular simulations (FHI-aims) code 38, 39 and the Heyd-Scuseria-Ernzerhof (HSE) 40, 41 exchange-correlation functional. Following our previous work on ZnO 42 , the exact-exchange admixture was chosen to be 40%, which yields a band gap of E g = 3.4 eV. As mentioned earlier, we adjust the HOMO-LUMO resonance of the molecular adlayer to be just above the substrate band gap at E HL = 3.401 eV. The distance between the substrate surface and the molecular layer is fixed to ∆z = 1 nm. The substrate unit cell is given by the lattice vectors a 1 = 0.3289 nm e x and a 2 = 0.5242 nm e y , where e x and e y denote vectors of unit length, spanning the substrate surface plane. In all calculations the substrate dipole moment is fixed to point in the direction of e x and its strength of |d cv | = 0.012 e 0 nm was calculated in HSE. The geometry of the L4P molecule was relaxed in the gas phase. The dipole strength for the molecular HOMO-LUMO transition amounts to |d HL | = 0.35 e 0 nm. The angle of the molecular transition dipole moment and d cv is given by the angle α. Figure 6 shows the resulting absorption spectra of the hybrid system for rectangular molecular unit cells of different sizes. Due to the narrow linewidth and the strong dipole moment, the single-particle The spectra are referenced to that of an isolated molecule, which consists of a Lorentzian peak at the energy of the HOMO-LUMO transition energy. As the system is brought into contact with the substrate the transition line is shifted to lower energies. As discussed earlier the energy difference ∆E (see Fig. 6 ) depends on the size and the aspect ratio of the molecular unit cell. Figure 6 illustrates the red shift of the HOMO-LUMO absorption line depending on the size of the molecular cell, as well as the decreasing intensity as the molecular coverage is decreasing. To investigate the dependence of the energy shift ∆E and the linewidth γ on the geometry parameters α, ∆z and the aspect ratio of the molecular unit cell, we fit the spectra with a Lorentzian. In Figure 7 we show the energy shift in dependence of the molecular unit cell size for fixed aspect ratios. For small coverages (i.e. large molecular cells) the energy shift approaches a limiting value that is independent of the aspect ratio. For higher molecular coverages the limiting value depends strongly on the aspect ratio of the molecular cell. Both effects can be explained by the aforementioned relation between real and reciprocal space: For decreasing molecular coverages the density of G points in reciprocal space increases until it becomes quasi continuous, i.e. independent on the aspect ratio. The previous increases the effective interaction strength until it reaches the limiting value of the quasicontinuous density of G points. In this limit the average distance between any two molecules becomes infinitely large. Therefore the geometry of the molecular unit cell (i.e. the position of the next neighboring molecule) has no influence on the optical response of the molecular layer. As can be seen from Figure 7 the energy shift is especially strong for aspect ratios greater than 1, i.e. the unit cell has a larger extent in the x-direction, which coincides with the orientation of the dipole moments. Accordingly, if the aspect ratio is less than 1, and therefore perpendicular to the orientation of the dipole moments, the interaction is weak. For higher molecular coverage the density of G points is low and accordingly the effective interaction strength decreases. (25) is referred to as γ 0 . For high coverage (thus low coupling strength), the broadening approaches γ 0 , the linewidth of the molecular resonance. We clearly find that the hybridization causes a significant contribution to the linewidth exhibiting a similar trend as the peak shift ∆E. The additional broadening is attributed to the Coulomb interaction of substrate transition dipole d vc remains constant. In Figure 11 we plot the energy shift as a function of the angle α between d HL and d cv for molecular cells of square aspect ratios. We find the strongest interaction for dipoles with parallel orientation at α = 0
• and it decreases with a cosine dependence, reaching a finite non-zero minimum for perpendicular dipole moments. 
VIII. CONCLUSION
We developed optical Bloch equations for the coupling of molecular and semiconductor continuum states in hybrid inorganic-organic systems. The Förster-type Coulomb interaction couples the optical excitations in the organic and in the inorganic layer and results in combined excitations. This Förster-type interaction was included as a dipole-dipole-interaction of the between the two HIOS components. To calculate optical absorption spectra we solved the Bloch equations for the hybrid system. We then tested the sensitivity of the Förster interaction strength to the geometric arrangement of the molecules in the molecular layer relative to the inorganic substrate. At lower molecular coverages the interaction becomes stronger than at higher coverage since in that case the oscillator strength of the semiconductor is distributed among more molecules. We found that the HOMO-LUMO transition line is shifted towards lower energies for increasing interaction strength. Our calculations also revealed that and how the interaction and therefore the energy shift is maximized for parallel transition dipole moments. Although the inter-molecular Coulomb coupling was neglected in this work, it may play an important role for the formation of localized excitons in the organic layer, enhancing the Förster coupling. In future work we will include the inter-molecular interaction and also go beyond the point-dipole approximation for the Coulomb interaction by e.g. the partial charge technique 43 .
With the transition dipole moment defined by 
Since the substrate is a quasi two-dimensional system, the wave vector k is restricted to a two-dimensional plane corresponding to the reciprocal space of the substrate surface. Therefore all scalar products in Eq. (A6) project the molecular position to the substrate surface. However the norm of R still includes the surface-to-molecule distance ∆z, i.e.:
Under the assumption, that the spatial extent of a substrate unit cell is small in comparison to the distance ∆z we can approximate the sum over all unit cells as an integral:
By carrying out the integration, we obtain a closed analytical form of the Förster transfer element: 
